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Tal Alexander∗and Ben Bar-Or†
Intermediate-mass black holes (IMBHs) of mass
M• ≈ 102–105 solar masses, M, are the long-sought miss-
ing link1 between stellar black holes, born of supernovae2,
and massive black holes3, tied to galaxy evolution by the em-
pirical M•/σ? correlation4,5. We show that low-mass black
hole seeds that accrete stars from locally dense environments
in galaxies following a universalM•/σ? relation6,7 grow over
the age of the Universe to be aboveM0 ≈ 3× 105M (5%
lower limit), independent of the unknown seed masses
and formation processes. The mass M0 depends weakly
on the uncertain formation redshift, and sets a universal
minimal mass scale for present-day black holes. This can
explain why no IMBHs have yet been found3, and it implies
that present-day galaxies with σ? < S0 ≈ 40 km s−1 lack a
central black hole, or formed it only recently. A dearth of
IMBHs at low redshifts has observable implications for tidal
disruptions8 and gravitational wave mergers9.
The early stages of massive black hole growth are poorly
understood10. High-luminosity active galactic nuclei at very high
redshift11 z further imply rapid growth soon after the Big Bang.
Suggested formation mechanisms typically rely on the extreme
conditions found in the early Universe (very low metallicity,
very high gas or star density). It is therefore plausible that these
black hole seeds were formed in dense environments, at least a
Hubble time ago (z>1.8 for a look-back time of tH =10 Gyr)12.
The relation M• = Ms(σ?/σs)
β between black hole mass,
M•, and stellar velocity dispersion, σ?, that is observed in the
local Universe over more than about three decades in massive
black hole mass, correlates M• and σ? on scales that are well
outside the massive black hole’s radius of dynamical influence3,
rh ≈ GM•/σ2?. Recent analyses of large heterogeneous galaxy
samples find that a universalM•/σ? relation holds for all galaxy
types6, 7, although the scope of this relation and its evolution with
redshift remain controversial13. Here we adopt the empirical fit7
log10(M•/M)=8.32±0.04±δ+(5.35±0.23)log10(σ?/200 km s−1),
where δ = 0.49± 0.03 is the root mean square of the intrin-
sic scatter. We assume that this universal M•/σ? holds at all
redshifts14, and that the black hole seeds grow in a locally (within
a few rh) dense stellar environment. By fixing rh, theM•/σ? re-
lation then imposes tight connections between the black hole and
the dynamical properties of its stellar surroundings15, and specif-
ically the rate at which it consumes stars (see Methods section).
A central black hole grows by (1) the accretion of stars, com-
pact remnants and dark matter particles that are deflected toward
it on nearly radial orbits, and either fall whole through the event
horizon or are tidally disrupted outside it, and then accreted;
(2) viscosity-driven accretion of interstellar gas; and (3) mergers
with other black holes. Of these growth channels, only the ac-
cretion of stars must follow from the existence of a central black
hole in a stellar system. Moreover, the tidal disruption event
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(TDE) rate in steady-state can be estimated from first principles,
for given boundary conditions at rh (ref. 16).
It has been noted that typical steady-state TDE rates, Γ,
around 10−4 yr−1 (Fig. 1), imply by simple dimensional analy-
sis that massive black holes (MBHs) with low mass, . 107M,
may acquire a substantial fraction of their mass from TDEs
over the Hubble time tH, or equivalently, that linear growth by
TDEs has a typical mass scale17–19, MTDE• ∼M?ΓtH ∼ 106M•
(however, the growth equation is generally nonlinear, and there-
fore MTDE• can significantly mis-estimate M•(tH); see Meth-
ods section). Previous studies have usually focused on the rates
and prospects of TDE detection, and not on black hole growth.
Although it was recently argued that MTDE• arises as a minimal
black hole mass in a specific formation scenario19, the commonly
held assumption remains that IMBHs withM• MTDE• do ex-
ist, and that this must constrain formation scenarios, or set an
upper bound on the efficiency of TDE accretion, rather than a
lower bound on IMBH masses18.
Here, we argue that IMBHs are transient objects, which no
longer exist in the present-day Universe. We derive a univer-
sal lower bound on the present-day mass scale of central black
holes, M0, that follows directly from the universal M•/σ? re-
lation, and is independent of the unknown seed masses and
their formation processes. We use the M•/σ? relation to set
the boundary conditions, and show that the nonlinear growth
equation for black holes can be bounded from below by a sim-
ple inequality that includes only growth by TDEs. We trans-
late the intrinsic scatter in the M•/σ? relation to a probabil-
ity distribution for the lower bounds M0 and S0, and show
that M0 lies just below the lightest MBHs yet discovered3,
M0 . min(Mobs• ) ∼ 106M.
Stars around a central black hole are constantly scattered in
angular momentum to nearly radial orbits below a critical (“loss-
cone”) value, jlc =
√
1− e2 (e is the orbital eccentricity), which
approach the black hole closer than the tidal disruption radius,
rt ' (M•/M?)1/3R? (M? and R? are the stellar mass and ra-
dius), where they are destroyed. Main sequence stars are dis-
rupted outside an IMBH’s event horizon, and a fraction fa of
about 1/4 to 1/2 of their mass is ultimately accreted by the
black hole20. The TDE rate depends on the number of stars
near the black hole and on the competition between the two-
body relaxation time TR (equation (12)) and the orbital time in
supplying and draining loss-cone orbits. The integrated contri-
bution in steady-state from all radii is a function of M• and of
the boundary conditions at rh, fixed by σ?. The TDE rate is well-
approximated by a power-law Γ ' Γ?(M•/M?)b, whose index
b is a function of the M•/σ? index β, and changes across a criti-
cal mass scale Mc ∼ 106M (Fig. 1; see Methods section). The
index b 1 for the empirical range 4 . β < 6 (refs 3, 13).
Let us assume that a black hole seed forms with an initial
mass Mi large enough to dominate its radius of influence, in a
central stellar system that is massive enough to allow it to grow:
that is, Msysr3hM?n?(rh)>M•M? at all times (n? is the
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Figure 1 | Plunge rates as function of the black hole mass M•.
Rates (solid lines, see Methods section) are plotted for M? = 1M,
R? = 1R, fa = 3/8, α = 7/4, and β = 4, 5, normalized to the em-
pirical M•/σ? mass parameter Ms = 2.1× 108M 7. The correspond-
ing velocity dispersion σ? is displayed for a β = 5 M•/σ? relation. The
rates are well-approximated by power-laws (dashed lines, equation (4)).
Radiation back-reaction above the Eddington limit LE by the mean accre-
tion luminosity LTD = ηfaM?c2Γ (η = 0.1 assumed for the radiative
efficiency) is only relevant for the lowest black hole masses, where it may
slow down the initial black hole growth.
stellar density). Consider first the case where the black hole
grows only by accreting stars. The black hole growth equation
is
M˙• = faM?Γ?(M•/M?)
b ≡ M˙?• , M•(0) = Mi . (1)
The solution for b < 1 in the
t t∞=(Mi/M?)1−b/(|1− b|faΓ?) limit (equation (9)),
M•(t) ' [(1− b)faΓ?t]1/(1−b)M?≡M?• (t), is independent of
Mi. Because t∞  tH for Mi . 105M, all seeds reach the
same mass scale after O(tH) (Fig. 2).
Consider next a realistic black hole that grows also by gas
accretion and/or mergers, M˙• = M˙?• + M˙
+
• , where M˙
+
• ≥ 0 is
the accretion rate by the non-stellar channels. The full growth
equation is
M˙• = M˙?•+M˙
+
• ≥ faM?Γ?(M•/M?)b , M•(0) = Mi . (2)
The solution M?• (t) of the stars-only growth (equation (1))
then provides a lower limit on the actual mass M•(t) of
the growing black hole. Note that M?• is not necessarily a
lower limit on the actual stellar mass contribution M? to M•:
M?• ≤M? ≤M• for b ≥ 0, but M? < M?• ≤M• for b < 0.
The universal minimal mass scale of a central black hole at tH ,
and the corresponding minimal velocity dispersion scale are then
M0 =M?• (tH)=[(1−b)faΓ?tH]1/(1−b)M?, S0 =(M0/Ms)1/βσs, (3)
with the index b for the M• < Mc branch of equation (6). This
implies that galaxies with σ? < S0 do not have a central black
hole, or have formed it only recently, for otherwise the coevolu-
tion of the black hole and nucleus over tH would have driven σ?
to a much larger present-day value.
Assuming the universal M•/σ? relation and Solar type stars,
the range inM0 values is due to the variety and uncertainty in
104
105
106
 0.01  0.1  1  10
0.2 0.5 1 2 3 4 5 6 7 8 9 10 11 12 13
BH
 m
as
s 
M
z 
[M
O• 
]
Redshift z
Look-back time [Gyr]
Mi = 2 10
3
 MO•
Mi = 10
4
 MO•
Mi = 5 10
4
 MO•
M0 = 10
5.6 ± 0.5
 MO•
Figure 2 | Cosmological growth of the minimal black hole massMz
as function of redshift. The evolution of the minimal black hole mass
(equation (10)) is plotted for several values of the black hole seed mass
Mi at different formation redshifts zi (look-back times12 ti), assuming
the empirical M•/σ? relation7 without scatter, an α = 7/4 cusp of Solar
type stars and an accreted mass fraction fa = 3/8. The convergence to
evolution that is independent of initial mass is rapid in redshift. The ear-
lier the formation, the higher isM0. The range zi = 0.1− 10 translates
to a lower mass limit on present-day MBHsM0 ∼ 10(5.6±0.5)M (gray
band).
the properties of galactic nuclei and of tidal disruption, and to
the intrinsic scatter in the relation. M0 increases with the in-
dex α of the stellar cusp (n? ∝ r−α) inside rh, and with the
accreted mass fraction fa, from 105M for the shallowest pos-
sible cusp of unbound stars (α = 1/2, fa = 1/4) to 106M for
a steep isothermal cusp (α = 2, fa = 1/2). M0 ' 106M for
the parameters adopted here: a dynamically relaxed cusp21 where
α = 7/4, and an accreted mass fraction fa = 3/8.
The scatter around the M•/σ? relation likely reflects
intrinsic physical differences between galaxies beyond the
measurement errors on the M•/σ? parameters7. This in-
duces roughly Gaussian probability distributions for M0 and
S0: M0 = (1.1± 0.8)× 106M and S0 = 79± 35 km s−1
(1σ). The lowest-σ? galaxies known to harbor active galac-
tic nuclei22 (and hence black holes, with estimated masses
105 .M• . 106M), have σ? ∼ 30− 40 km s−1. This
corresponds to the 5% lower limits S0 . 40 km s−1 and
M0 . 3× 105M, which we adopt here as representative
lower limits. Lighter black holes are much rarer yet: e.g.
M• ≤ 104M is below the 0.0001% limit.
The agreement M0 . min(Mobs• ) ∼ 106M follows di-
rectly from basic local physics (tidal disruption and loss-cone
dynamics) and empirical global properties of the Universe (its
age and a universal M•/σ? relation). Our derivation of M0
rests on four assumptions. (1) There is effective accretion of
tidally disrupted stars (fa is a few× 0.1)20. (2) Most black hole
seeds were formed early, at a look-back time ti ∼ O(tH). (3)
Black hole growth is not typically mass or density limited; that
is, the growing black hole is embedded in a stellar system with
Msys  r3hM?n? > M• for a substantial fraction of tH . (4) The
boundary conditions at rh are set by the universal M•/σ? rela-
tion at all times.
An early start for black hole seeds, and the requirement
that a system that can form and retain a seed black hole
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should be dense and massive enough, are both physically plau-
sible and possibly even essential10. Such a system can be ap-
proximated as embedded in an isothermal density distribution,
and is dynamically relaxed (see Methods section). Further-
more, the accretion rate of stars in a system with N? stars in-
side rh, dM•/dt ' faM?N?/(log(1/jlc)TR) (equation (16)),
is slow enough to allow it to remain near equilibrium as it
grows, as the timescale for growth by order of the stellar mass,
(dM•/dt)/(M?N?), is longer by a factor log(1/jlc)/fa  1
than the timescale to return to steady-state, TSS ' TR/4 (ref. 21).
The least secure assumption is that a universal M•/σ? relation
holds near its present-day value as the black hole grows. How-
ever, this is broadly consistent with observations of active galac-
tic nuclei14, 23 up to z ∼ 1, and with simulations of large scale
structure evolution24, 25 up to z ∼ 4.
Mergers between two cental black holes increase the
black hole mass, but also affect the dynamics around it.
Mergers initially enhance the TDE rate26, but later they
may strongly suppress it by ejecting the cusp. How-
ever, steady-state is quickly re-established around IMBHs,
TSS(M•.105M) < O(108 yr) (ref. 21). Additional growth
channels thus only increase present-day black hole masses, and
reinforce the conclusion that central black holes withM• <M0
are rare.
Figure 2 shows the evolution of the lower mass limit Mz ,
which increases rapidly with decreasing redshift to its present-
day value M0. Present-day IMBHs may exist in recently
formed systems, in mass-limited ones (for example globular
clusters with M < 106M), in sub-galactic systems where the
M•/σ? relation need not apply (such as globular clusters or su-
per star clusters), or in very low density galaxies (such as cored
dwarfs27). However, it is unlikely that such systems can form a
black hole seed to start with1, 10, and therefore the black hole oc-
cupation fraction there is probably low. Candidate IMBHs have
been reported in globular clusters and dwarf galaxies, including
recently28, 29, but the evidence remains inconclusive.
Early TDE-driven growth and the suppression of the cos-
mic black hole mass function belowM0 have implications for
black hole seed evolution, for the cosmic rates and properties of
TDEs8, and for gravitational waves (GWs) from IMBH-IMBH
mergers and intermediate-mass-ratio inspirals into IMBHs. We
conclude by listing these briefly.
A high rate of TDEs can allow black hole seeds to continue
growing despite the ejection of the ambient gas by supernovae
feedback30. The lack of IMBHs at low redshifts means that
electromagnetic searches will have to reach very deep to detect
TDEs from IMBHs (jetted TDEs may provide an opportunity31).
The prospects of detecting exotic processes related to IMBHs,
such as tidal detonations of white dwarfs in the steep tidal field
of a low-mass black hole32, will be low. The mean observed TDE
rate per galaxy, Γ ∼ 10−5 yr−1 gal−1, is much lower than pre-
dicted rates33. A dearth of black holes belowM0 may partially
resolve the rate discrepancy.
IMBHs produce GWs by intermediate-mass-ratio inspirals
and by IMBH mergers. Detection of intermediate-mass-ratio in-
spirals by planned space-borne GW observatories9, 34 is limited to
redshifts below a few× 0.1, and is therefore unlikely. However,
IMBH mergers can be detected to very high redshifts. A GW
search for IMBH mergers and intermediate-mass-ratio inspirals
can reveal the formation history of black holes. We predict that
black hole seeds are driven early on to higher mass by the ac-
cretion of stars, and therefore IMBHs are rare in the present-day
Universe, but will be found near their high formation redshifts.
Methods
This supplement summarizes results from loss-cone theory used to
derive the equation for black hole growth by stellar disruptions, and
discusses the properties of its solutions. We first present, without
derivation, a recipe for the approximate power-law growth rate equa-
tion (equation (1)), which has the advantage of leading to simple an-
alytic results. We then comment on the general properties of its so-
lutions, to clarify under what circumstances, and to what extent can
simple dimensional analysis be used to estimate the minimal mass
limitM0. We then describe how the intrinsic scatter in the M•/σ?
relation is propagated through the growth equation to obtain the prob-
ability distributions for the lower limits M0 and S0. Finally, we
present for completeness and reproducibility an outline of the deriva-
tion of the full growth rate equation (used to verify our approxima-
tions, see Figure 1) and of its power-law approximation.
Approximate power-law black hole growth rate equation. We fo-
cus here on a steady-state stellar system around a black hole35, which
has a density cusp n? ∝ r−α with α = 7/4 inside the radius of influ-
ence rh = GM•/σ2?. We further assume that the cusp is embedded
in an external isothermal stellar distribution, ρ(r) = σ2?/(2piGr2),
so that the stellar mass enclosed inside rh is twice the black
hole mass18. Under the assumption of a universal M•/σ? rela-
tion M• = Ms(σ?/σs)β , the dynamics leading to tidal disruption
are characterized by a critical mass scale Mc ∼ 106M. Tidal
disruptions are dominated by stars originating from ∼ rh(M•) for
M• ≥Mc, and by stars originating from an inner critical radius
rc(M•) < rh(M•) for M• < Mc (see below for more details)36.
The TDE rate is well-approximated by a broken power-law (Figure 1)
Γ ' Γ?(M•/M?)b , (4)
whose index b changes across Mc, which is given by (see equa-
tions (20–21) for the general case),
Mc 'M?
(
16
5s2
)3β/(6+β)
, (5)
in terms of the dimensionless velocity dispersion scale
s = (Ms/M?)
−1/βσs/v?, where v2? = GM?/R? and M?
and R? are the mass and radius of a typical star in the system,
and where we approximated the logarithmic term (equation (14))
appearing in the general expressions by a typical value Λlc = 2. The
index b is (see equation (22) for the general case),
b =
{
(105− 23β)/27β M• ≤Mc
(3− β)/β M• > Mc . (6)
Note that b 1 for the empirically determined range of the
M•/σ? relation index3, 13, 4 . β < 6. Defining t? =
√
R3?/GM?,
the rate factor is
Γ? ' 5/4
t?
s40/9
{
1 M• ≤Mc
(Mc/Ms)
4(6+β)/27β M• > Mc
. (7)
To summarize, the approximate power-law TDE rate for a black
hole with mass M• is calculated as follows. (1) Calculate the crit-
ical mass Mc (equation (5)). (2) Calculate the power-law index b
(equation (6)) according to the low or high mass branch, depending
on M•, and similarly calculate the rate factor Γ? (equation (7)). (3)
Use equation (4) to obtain the TDE rate from Γ? and b.
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Properties of the black hole growth solutions. The general solu-
tion of the growth equation (equation (4)) with the initial condition
M•(t = 0) = Mi is
M•(t) =
{
M?[(Mi/M?)
1−b + (1− b)t/ta]1/(1−b) b 6= 1
Mie
t/ta b = 1
,
(8)
where ta = (faΓ?)−1 is the accretion timescale. The growth solu-
tion has three branches. The solution for b = 1 diverges exponen-
tially to infinity in infinite time. When b > 1, M• diverges on a finite
timescale
t∞ = ta(Mi/M?)1−b/|1− b| , (9)
and is supra-exponential. The b < 1 branch is sub-exponential and
diverges slowly as a power-law.
Exponential growth describes, for example, radiation pressure-
regulated accretion of gas at the Eddington limit. Supra-exponential
growth describes Hoyle-Lyttleton wind accretion37, spherical Bondi
accretion38, or their generalization of accretion on an accelerating
black hole39. Sub-exponential growth, which is the relevant case for
tidal accretion with the universalM•/σ? relation, at t t∞ asymp-
totically approaches a power law that is independent of seed mass
Mi
M•(t)/M? ' [(1− b)t/ta]1/(1−b) . (10)
There are two mass scales in the growth equation: the ini-
tial mass Mi, and the natural mass scale40, 41 MTDE, obtained
by solving MTDE/M? = faΓtH = faΓ?tH(MTDE/M?)
b
with
tH = 10
10 yr. This mass scale was used in past studies17, 18, 33 to es-
timate M•(tH). It is instructive to analyze the role of MTDE• in the
growth solutions, and identify when it can provide a relevant estimate
for the black hole mass.
The exponential and supra-exponential solutions (b ≥ 1) are
functions of Mi on all timescales, and MTDE• plays there a role re-
lated to the exponential or divergence timescales. Because these so-
lutions diverge, the black hole mass at any finite time is generally un-
related to either Mi or MTDE• . The asymptotic sub-exponential so-
lution (b < 1) can be written as M•(tH) = MTDE• (1− b)1/(1−b).
In this case, MTDE• provides a reasonable approximation for M• as
long as |b|  1. This is the indeed case for the empirical universal
M•/σ? relation, where b(α = 7/4, β = 5.40) ' −0.125. However,
other combinations of cusp and M•/σ? indices can lead to arbitrar-
ily large disparities: for example b(α = 3/2, β = 3) ' 0.6, results
in M• ' 0.1MTDE• .
It should be emphasized that the solution branch that describes
the black hole growth is not determined solely by the assumed growth
channel — tidal disruptions in this case — but also by the choice
of boundary conditions, which here are determined by an empirical
relation. Other possible values of cusp and M•/σ? indices would
imply very different relations between M• and MTDE• . For ex-
ample, the transition to the exponential and supra-exponential so-
lutions (b ≥ 1) occurs for β ≤ 2.1 (for α = 7/4) or for β ≤ 3 (for
α = 1/2). Therefore, it is not generally true that MTDE• estimates
the black hole mass. Its relevance depends on the specific solution
and on the adopted boundary conditions, and cannot be assumed a
priori.
IntrinsicM•/σ? scatter and distribution of lower limits. The ob-
served intrinsic scatter in the M•/σ? relation at z ' 0, with r.m.s δ,
can be interpreted as reflecting a variance in the initial conditions of
individual galaxies at their formation, a Hubble time tH ago, or a
variance that developed gradually over their individual evolutionary
histories and reached the observed rms value at tH .
We assume that the estimation errors in the parameters α and β of
theM•/σ? relation, log(M•/M?)=(α¯±δα)+(β¯±δβ)log(σ/σs)±δ,
can be approximated by a correlated bi-Gaussian distribution,
(α, β) ∼ G2(α¯, δa, β¯, δβ , ραβ), where for an arbitrarily chosen low
reference velocity dispersion σs  σ, the correlation coefficient
ραβ → −1 (ref. 42), and that the intrinsic scatter  is drawn from a
Gaussian distribution,  ∼ G(0, δ).
We approximate the evolution of the scatter by assuming nt dis-
crete time steps of duration ∆t = tH/nt, where the accumulated
change in α due to scatter, ∆, is modified in a random walk fash-
ion by ∆→ ∆+ /√nt. We then evolve the black hole mass
over time ∆t by the growth equation (equation (8)), and repeat un-
til t = tH . The joint and marginal probability distributions forM0
and S0 at tH are obtained by Monte Carlo simulations over randomly
drawn values of α and β.
The limit nt = 1 corresponds to scatter that is determined by
the galaxy’s initial conditions, whereas nt  1 corresponds to scat-
ter that is determined by the galaxy’s evolution. We find that the
probability distributions for M0 and S0 do not depend strongly on
the choice of nt, and that they converge rapidly for nt > 3 to an
asymptotic form. The values quoted in this study, 5% lower lim-
its ofM0 = 2.8× 105M and S0 = 38 km s−1, correspond to the
asymptotic evolutionary scatter case (nt = 5), whereas the initial
scatter case (nt = 1) differs only slightly, with 5% lower limits of
M0 = 1.9× 105M and S0 = 36 km s−1.
Full black hole growth rate equation. The tidal disruption (plunge)
rate can be approximated by the flux of stars into the black hole from
from the boundary between the inner region, where stars slowly dif-
fuse into the loss-cone (the empty loss-cone) and the outer region,
where stellar scattering is strong enough that the loss-cone is effec-
tively full (the full loss-cone)36. The boundary is at a critical radius,
ac, that satisfies
q =
[Jc(ac)/Jlc]
2P (ac)
log(Jc(ac)/Jlc)TR(ac)
= 1 , (11)
where P = 2pi
√
a3/GM• is the orbital period, Jc =
√
GM•a is
the circular angular momentum at a, Jlc is angular momentum
of the loss-cone (Jlc '
√
2GM•Q1/3R? for tidal disruption, so
Jc/Jlc '
√
(a/R?)/2Q1/3, where Q = M•/M?). TR is the 2-
body (non-resonant) relaxation time21,
TR(a) =
5
8
Q2P (a)
N?(a) log(Q)
, (12)
where N?(a) = µhQ(a/rh)
3−α is the number of stars enclosed in
r, and rh = ηhGM•/σ2? is the radius of influence. The numeric
prefactors are conventionally assumed to be µh = 2 and ηh = 1. We
further assume that α < 9/4.
The exact solution for the critical radius can be written by the
implicit equation
ac/rh = (Acσ
2
?/v
2
?)
1/(4−α)
Q1/(12−3α)
= (Acs
2)
1/(4−α)
Q(β+6)/β(12−3α) , (13)
where Ac = 5/(4µhΛlcηh) and
Λlc(Q, a) = logQ/ log(Jc(a)/Jlc) , (14)
where the last equality in equation (13) assumes the M•/σ?
relation in terms of the dimensionless velocity dispersion scale
s = (Ms/M?)
−1/βσs/v?, where v? =
√
GM?/R?.
When ac > rh, the rate is estimated43 at rh. The transition occurs
above a critical black hole mass such that ac(Mc) = rh(Mc),
Mc = M?(Acσ
2
?/v
2
?)
−3
= M?(Acs
2)
−3β/(6+β)
, (15)
which is independent of α and almost independent of β. The plunge
rate can then be conservatively approximated by the empty loss-cone
rate at ae = min(ac, rh),
Γ ' N?(ae)
log(Jc(ae)/Jlc)TR(ae)
=
8
5
Λlcµ
2
h
P (rh)
(
ae
rh
)(9−4α)/2
. (16)
4
The actual rate, including the contribution from the full loss-cone
regime, can be up to twice as high as this as this43.
Using rh = ηhGM•/σ2?, the plunge rate can be represented as
ΓΛ =
1
pit?
γ
Λ
c Q
(2α−15)/6(4−α)
(
σ?
v?
)7(3−α)/(4−α)
M•≤Mc
γΛhQ
−1
(
σ?
v?
)3
M•>Mc
, (17)
where t? =
√
R3?/GM?,
γΛc =
(
4Λlc
5
)(2α−1)/(8−2α)(
µh
η
(3−α)
h
)7/(8−2α)
, (18)
and
γΛh =
4µ2hΛlc
5η
3/2
h
. (19)
When σ? is given by the M•/σ? relation, the rate can be expressed
as
Γ = ΓΛ?Q
b , (20)
where
ΓΛ?=
γΛc
pit?
s7(3−α)/(4−α)
1 M•≤Mc(Mc
M?
)(6+β)(9−4α)/6(4−α)β
M•>Mc
. (21)
The notation ΓΛ? denotes the weak functional dependence on Q
via the logarithmic term Λlc ' 2. The index is
b=
{
7(3− α)/β(4− α)− (15/2− α)/3(4− α) ac ≤ rh
(3− β)/β ac > rh . (22)
A simpler power-law approximation can be obtained by choosing
this typical value for the logarithmic term Λlc ' 2. Then, Γ ' Γ?Qb
(see above), where the normalization Γ? = ΓΛ? (Λlc = 2) is not a
function of Q.
Figure 1 shows the TDE rates for µh = 2, ηh = 1 in the
two dynamical regimes ac < rh and ac > rh (Q < Qc and
Q > Qc). At the lower mass end, the mean mass accretion rate
may rise above the Eddington rate. For example, for β = 5,
LTD/LE . 6 at M• = 103M, but falls below LTD/LE = 1 for
M• > 5× 103M. Depending on the exact value of the logarith-
mic slope of the M•/σ? relation, β, the TDE rate on the low-mass
branch, can either rise or fall with M•.
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